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Version 1.2

Table operations are categorized into primitive and derived operations. A primitive oper-
ation is an operation that cannot be decomposed. A derived operation, on the other hand, is
a composition of a sequence of primitive operations. This article describes the mathematical
concept of each primitive table operation. For convenience, a table is represented as a matrix
with homogeneous elements. For example, an m X n table T is

hy ... tyj ... by
T = til tij tin 5 (1)
[T AR .

where 7;; 1s the element at the i™ row and j‘h column. As a convention, the letters A and B are
used to denote source tables; R is used to denote a result table; lower case letters are used to
denote the elements in a table (e.g., a;;, b;j, and r;; are the elements in A, B, and R, respectively);
and T,, and T, denote the number of rows and columns of 7, respectively.

There are ten primitive operations, namely Select, Contract, Expand, Merge, Match, Group,
Nesting, Cascade, Layout, and Caption. These operations can be used to derive other opera-
tions. The operations Select, Merge, Contract, Expand, and Match perform table operations
for flat tables (non-nested tables). The rest of the operations are Group, Nesting, Cascade,
Layout, and Caption, which are designed to support nested report layouts, i.e., layouts with
tables consisting of tables (subtables). The following sections give the mathematical definition
of each primitive operation.

1 Select operation

A Select operation filters a subset of elements out of a source table. Given a table A, a list of
rows with m elements {(@;, a>, ..., a,) and a list of columns with n elements (8;, 5>, ..., B.)
can be selected from A by the following Select operation:

R = Select rows = {aj, @2, .., &), columns = {Bj, B2, ..., Bn) (A)a (2)

where R has m X n elements defined by r;; = ay, g,. For example:

X111 X122 X13 X4

Sel _ | X2 X4 3

elect ,ous = (1, 3), columns = (2, 4y |[X21 X22 X2z Xpa|| = X3 Xa4 (3)
X31 X3 X33 X34



X111 X122 X133 X4
Select yous = 2), columns = 3y | [X21 X2 X3 Xoa|= [ng] “)
X31 X332 X33 X34

The lists of rows and columns can be expressed as either (/;, L, ...,1,) to denote a list of tar-
get rows or columns, (x) to denote all rows or all columns, or (start,end: step) to denote
(start, start + step, ..., end). For example:

Select ous = (1, 3), columns = (+) || X21 X2 X2z Xoa||=

X111 X122 X13 X4 [
X31 X32 X33 X34

X11 X122 X13 X4 (5)
X31 X322 X33 X34

X111 X122 X13 X4 x x
11 13
Select ous = (1, 3), columns = (1.42) [[¥21 X22 X23 X4l = [x31 x33] (6)
X31 X322 X33 X34

2 Merge operation

Given two tables A and B and two positive integers dx and dy, a Merge operation transfers the
location of B to (dx + 1,dy + 1) and merges B with A. The Merge operation is defined as:

R = Merge ,_ 4 ,-a, (A, B), (7)

where R has max(A,,, B,, + dy) X max(A,, B, + dx) elements defined by r;; = a U 8, where a
and B are

aij if 1 SlSAm andls.]SA" (8)
a:
0 else
ﬁ— bij iflSi—dySBmandlﬁj—dxﬁBn (9)
o else

For example, a table B can be put into the right side of another table A by the following
operation:

X111 X12 Y1 Y1z X11 X122 Y Y12
Merge 4, - - , = , 10
98 dx=2.dy 0([9621 xzz] [l/ll !/22]) [le X2 Y21 Y» 19)

Similarly, a table can be put on the left side, on the top, and on the bottom of another table by
the merge operation.

Sometimes, it is useful to concatenate the elements of a table B to the elements of another
table A (e.g., adding a suffix to every element of A). This can be done by a merge operation
that produces elements with composite values. For example:

»X11 X12— »!/11 !/12—):»3511, Y X12, !/12] (11)

Merge 4x = 0,4y =0 ; ;
Y | X21 X22| Y21 Y22 | X21, Y21 X225, Y22

»xu X12< »yu !/12—):5611 X12, Y11 ylz] (12)

Merge 4= 1,4y =0 ; ,
Y [X21 X22] Y21 Y22 [ Y21 X22, Y21 Y22
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Note that “,” is used to denote an element with multiple values. It is also possible that the
resulting table contains empty elements. For example:

x X y y X11 X12 0
Merge gx=1,ay=1 R | B L N T P (13)
T X21  X22 Y21 Y
0 Y21 Y

3 Match operation

A Match operation can perform either 1D or 2D matching of two tables. A 1D matching is sim-
ilar to a database join operation and a 2D matching is a 2-dimensional version of the matching.
A Match operation is defined as:

R = MatCh dimension = d (Aa B)’ (14)

where d is either 1 or 2. Let’s look at 2D matching first. Table A defines a 2D layout using
A,, — 1 vertical keys (ay;, as1, . ..,aa,1) and A, — 1 horizontal keys (a2, ais, . .., aia,). Each row
of table B contains a pair of keys (the first two columns) and a data cell (b;3) to be matched
(placed) to the 2D layout. The result R has (A,, — 1) X (A, — 1) elements defined by

rij; = {bx3 1 <x< Bm and bxl = 4+l and bx2 = Cl](j+1)}.

For example:

(ki1 ki di3]
ky koy d
X ki ke ks ki kji djz diz diz des
MatChdimensionZZ I]i; i z i ’ k11 k22 d43 :[d53 d23 d33:|, (15)
ko1 ki ds3
(ki1 k3p des]

where a “X” denotes a “don’t care” value. In this example, the vertical key of ds3 is k»;, which
is located in the 3" row of A. Therefore, in R, ds3 is at the (3 — 1)”* row. The horizontal key of
d=3 is ks, which is located in the 4" column of A. Therefore, in R, dx; is at the (4 — 1) column.
Overall, d5; is located at (2, 3) in R.

After a 2D match operation, it is possible that the resulting table contains composite or
empty values. For example:

ki kip dis
X ki ko ke kiy ky das dz das 0
MatChdimension:Z kll X X X, = s (16)
ka1 k3 dss 0 0 ds, ds
kyy X X X
ko k3 das

For 1D matching, A is a table containing a column of keys and B is a table containing data
that are to be matched to the location specified by the keys. The result R has A,, X (B, — 1)
elements defined by

ri; = {bx(j+l) 1 <x< Bm and bxl = ail}.

For example:

kll k31 d32 d33 d12 d13
kZl kll d12 d13 _ d22 d23
Match dimension = 1 k31 s k41 d42 d43 - d32 d33 ) (17)

k41 k21 d22 d23 d42 d43



In this example, k;; is at the first row of A, and the key of (dy, di3) is ky;. Therefore, in R,
(di> dy3) is moved to the first row.

After a 1D match operation, it is possible that the resulting table contains composite or
empty values. For example:

kir| ka1 dsp d3z dip,dy diz, dy
Match gimension =1 || k21 |, ki diz dis|| =] d3 dz |, (18)
k31| ki dxn d 0 0

4 Contract operation

A Contract operation contracts either multiple rows or columns into a single one. It is defined
as:

R = Contract major = m, size = s (A), (19)

where m is either “row” or “column,” and s is a positive integer indicating that every s rows
or columns are to be contracted into a single row or column. If m is “row,” R has [%] X A,
elements defined by

rij={ay:((—-1)Xs<x<iXs}

For example:

di diy di3]
dy dy dy diy,dy dyy,dy diz,do
Contract ,ugjor = row, size = = > 20
jor = v size =2 | gy diy || |dossday sy diy divs, dig (20)
dy1 dyy dy3]
dyy di» d3]
dy dy dy diy,dy dya,dy diz,dos
Contract ,ugjor = row, size =2 | |d31 d32 ds3|| = |d31,da1 d3p,dsy d33,daz|, (21
d41 d42 d43 d51 d52 d53
| dsy dsy ds3 ]

If m is “column,” R has A,, X [A—S"] elements defined by r;; = {a;, : (j—1) X s <x < jX s}
For example:

dll dlZﬁ >d119 d12
dy dy da1, dy
Contract major = column, size = 2 d31 d32 = d31’ d32 ’ (22)
d41 d42 d41 s d42
d51 d42< ,d51 s d42

dyy dip d3] (dy1,d1> di3
dyy dy dy dr1,dy dy
Contract yqjor = column, size = 2 ||d31 dz2 d3z|| = |d31,d3 ds3], (23)
dyy dyp dys dsy,dyy dys
dsy dsp ds3] | ds1,dsy ds3

A Contract operation can be used to produce many interesting derived operations. For ex-
ample, a series of Contract and Expand operations (explained in the next section) can produce
the effects of rotating and resizing tables. However, in practice, when producing a report, a
Contract operation is seldom used alone. Most of the time, it is the derived operations that are
used.




5 Expand operation

A composite value contains a number of items. We will define the notation for identifying items
belonging to a composite value first. Suppose we have a composite value v = vy, 0, ..., 0,, We
use the notation v[i] to indicate the i item of v, and |v] to indicate the number of items that v
has. For example, given the composite value v = dy1,d;», then v[1] is dyy, v[2] is d}2, and |v] is
2.

The Expand operation is the inverse of the Contract operation. It is defined as

R = Expand magjor = m, size = § (A)’ (24)

where m is either “row” or “column,” and s is a positive integer indicating that every s items
are to be expanded into a row or a column. We will discuss the case that m = row first. Each
row is expanded into a number of rows. Assume all |a;;| are the same (every element has the
same number of items) and |a;;| is divisible by s. Let x = |a;;|/s. Then, every row is expanded
into x rows. R has (x X A,,) rows, and (x X A,,) by A, elements. R has elements defined by

rij = {agip;lyl : (i/x]1-1) x s <y <[i/x] X s}.

For example:

dll d12 d13
Rl v e M A o
dy dy dg
dyy,dyy dio,dy
e Ao worei o | i IS

d71’ dSl d72’ d82

It is possible that not all |a;;| are the same and |a;j| is not necessarily divisible by s. The
mathematical formula for this case is omitted. For example:

dyy dip dis
dyy,dy dip,dy diz, dos dyy dy dos
Expand ., or = row, size = 1 | |d31,da1 d32,day dsz,dup || = |d31 d3n d3s (27)
ds; ds) ds3 dyr dip du
dsy dsy ds3

In case that m = column, each column is expanded into a number of columns. Assume all
|la;j| are the same (every element has the same number of items) and |a;;| is divisible by s. Let
x = |a;j| + s. Then, every column is expanded into x columns. R has (x X A,) columns, and A,,
by (x X A,) elements. R has elements defined by

rij =laicyplyl - Tj/x1 =1 x s <y <[j/x]x s}.
For example:

dii,dy di3,di dyy dip diz dyiy
dy1,dyy doz,doy dyy dyy dy3 dy
d31,d3y dsz,d || = |d31 dxn diz diy (28)
dy1,dyy dy3, dyg dyy dy dyz dyy
dsy,dsy ds3,dsy dsy dsy ds3 ds4

Expand

major = column, size =1
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diy,dip,diz,dis dis,dig, di7,dis
EXpAN yajor = cotunn. size =2 ([dZI s A, dos, dos das, dae, day, dog
_ [dn,dlz diz,disy dis,die d17,d18]

= 29
o1,y dosydos s,y oy, dog 29

It is possible that not all |a;;| are the same and |a;j| is not necessarily divisible by s. The
mathematical formula for this case is omitted. For example:

dll’ d12 d13 dll d12 d13
d21 s d22 d23 _ d21 d22 d23
Expand major = column, size =1 d31, d32 d33 - d31 d32 d33 (30)

dy1,dyy dys dy1 dy du

Like Contract operation, when producing a report, an Expand operation is seldom used
alone. Most of the time, it is the derived operations that are used.

6 Group operation

The rest of the five primitive table operations are Group, Nesting, Cascade, Layout, and
Caption, which are designed to support nested report layouts, i.e., layouts with tables con-
sisting of tables (subtables).

A nested report layout is considered as a (root) table consisting of a list of tables arranged

in a special order. A list of tables is expressed as either [T, T5,--- ,T,] or [T T, --- T,]. Note
that [T, T,,---,T,] is a table with a single element, which is T, T5, - - - T,,. On the other hand,
[T, T, --- T,], is a table with n elements, which are T - - - T},.

By specifying a number of columns (or rows) as the keys, a Group operation splits a single
table into a list of tables, which have the same key values. A list of subtables R produced by a
Group operation is defined as

R = GI‘OLIp major = m, key = (K1, K2, ..., Km) (A)’ (31)

where m is either “horizontal” or “vertical,” and key indicates the list columns or rows that are
used as the keys.

We discuss the case that m = horizontal first. The key specifies the columns that are used
as the keys. In the resulting R, the rows with the same key values are grouped into the same
subtable. For example,

dy dip diz
dyy dy dxp Hdlz d13] [dn d33H

(32)

GI'OLlp major = horizontal, key = (1) d21 d32 d33 = d22 dzz d42 d43

d21 d42 d43

dn
d
da
da
rows have the same key value (d},), they are grouped into one subtable. The resulting subtable

In this example, the first column of A is and is used as the key. Since the first and second
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dip di3 .
. Similarly, the
da d23] Y

third and fourth rows have the same key value (d,;) and are grouped into another subtable
dy ds
di dg|

The following example illustrates the case that multiple columns are use as the key.

does not include the key value. Therefore, the first subtable of R is [

dyy dy di3 dis]
dyy dy dy dy
dy diy dyz da
dyy dy diz dus
GI‘OU.p major = horizontal, key =(1, 2) dll d12 d53 d54
dy dy de des
dy diy d73 do
dy dy dgz dsa

_ |43 dia| |dos doa| |d3z dis| |diz du (33)
dsy dsa| |des des| |d72 dra| |ds3 dsa
The source table A is a single (flat, non-nested) table in the above examples. What happens

if the source table itself is a list of tables? In this case, the Group operation performs grouping
for each subtable once. For example:

dy dip diz]| e enn ens

Group dyi dy dy| |en exn e
jor = horizontal, key =(1

major = horizontal, key =(1) dry dxy diz| |ea e ess

dy dy diz] [ex eqn eq3
_ |||z diz| |dxn ds e €3 32 €33 (34)
dy do dy dgs €2 €23 42 €43
In case that m = verital, key specifies the rows that are used as the keys. In the resulting R,
the columns with the same key values are grouped into the same subtable. For example:

ISR

dll d12 dll d12
d21 d22 d21 d22 _ d31 d33 d32 d34

Group major = vertical, key =(1, 2) d31 d32 d33 d34 Hd4l d43] [d42 d44” (35)
d41 d42 d43 d44

Note that the inputs of the Select, Merge, Match, Contract, and Expand operations can also
be lists of tables. In this case, the operations also perform transformations for each subtable.

7 Cascade operation

The Cascade operation can produce a list of tables by cascading two tables (lists of tables).
Given two tables A = [A; A, --- A,]land B = [B; B, --- B,], the Cascade operations is
defined as

R = Cascade(A, B), (36)



where Ris [Ay A, --- A, By B, --- B,]. For example,
dajpp apz| |ds ass b1y bi3| |b3 b33
C d )
asca e(HClzz Cl23] [042 a43” Hbzz 1923] [b42 b43”)
_ ap dps azy asj; b1y b3 by bss (37)
ayy a3 Aqp  Ay43 by by by by
8 Nesting operation

The Nesting operation can also produce a list of tables by cascading two tables (lists of tables)
together. The differences between Nesting and Cascade operations are that the Nesting opera-
tion will increase the level of nesting (depth) by 1, and a direction option can be specified. The
definition of Nesting operations is:

R = Nesting g ecion = a(As B), (38)
where d is either “horizontal” or “vertical.”’

When d = vertical, the resulting R is [2

. dapp diz| |4z 6133" by bi3| |b3 b33
NeStlngdirection:vertt’cal(Ha22 6123] [042 ass ’HbZZ b23] [b42 b43

]. For example,

aip a3 asy ass
[|G22 Q23| |d42 443]]
= (39)
biy bi3| |b3 b33
| »bzz b23< »b42 b43_ |

In the case that d = horizontal, the resulting R = [A B]. For example,

. dapp dp;z| |aszx asjz by b3 bz, b33
Nest etion = hopi R
es lngdlrectl()n = horizontal (Ha22 6123] [a42 6143” ’ HbZZ b23] [b42 b43:|])
_ ap ds asy dszz by b3 by b33 (40)
az dxs agp  Ad43 by by by byl
Note that this result table (Eq. 40) is very similar to the result table of the Cascade example

(Eq. 37). However, the structures of these two tables are different — the level of nesting of Eq.
40 is one higher than that of Eq. 37.

9 Layout operation

The structure of a list of tables can be re-arranged by a Layout operation. Given an input table
A=[A; A, --- A, ], the Layout operation is defined as

R= Layoutlayout = I, boundary = b(A), (41)

where [ can be “ReverseN” or “ZigZag,” and b is a positive integer. When [ = ReverseN, the
order of [A; Ay --- A, ] is rearranged into a reverse-N shape, i.e., the result R is a b x [ ] table,

8



Ar Apn
and R = Ay Appo
Ay Ay

dip di3| |dxn diz| |enn ens| |exn €3
Layoutlayout:ReverseN, bouizdary:2(|:|:d22 d23 d42 d43 € exn e es

: . For example,

dip di3 €12 €13
dy dy € €3
=| o ‘ (42)
dy  ds3 €3 €33
»d42 d43‘ (€42 €43

The result of a Layout operation may contain null elements when m is not a multiple of b.
For example,

Layout (Hdn diz| |dxn dss| |enn es| |esn ess
layout = ReverseN, boundary = 3 d d d d
22 A3 42 Q43| |€22 €23 [€42 €43

[di dis] [632 633]

»dzz d23< €4 €43

(dy  dis ]
= 0 43
|diy  du3 ] 43)

€2 €13 0
[[€22 €23]

When [ = ZigZag, the order of [A| A, --- A, ] is rearranged into a ZigZag shape, i.e., the result
Al A, o Ay
Risa [%] X btable,and R = |Apy1 Apsz -+ Ag|. For example,

Layoutlayout:ZigZag houndary:Z([[dlz dB] [d32 d33 |:612 el3:| [632 633”)
’ dy dy| |dan d43_ €22 €23| |€42 €43
dip di3 dy  dx3
dy dy| |dyp dg
=| o ‘ (44)
€12 €13 €3 €33
€22 €23]| [€42 €43

10 Caption operation

The Caption operation is used to make a table as the caption of another table. Given two input
tables A (source table) and B (caption table), the Caption operation is defined as

R = Layoutdirection =d, level = Z(A» B)’ (45)

where d is either Top, Botton, Left, or Right, and [ is a positive integer specifying the level
(depth) of the caption to be applied. For example, the following operation puts the caption c;

9



on top of the table A (in this case, the level-1 table of A is exactly A itself).

dip diz| |ds d3s
(dyy o3| |day daz)
Captionyiecion = Top, level = 1 || o BE [Cll]
€12 €13 [€32 €33
[€22 €23| |€42 €43]

— Cll - — -
diy diz| |dx dss
7d22 d237 »d42 d43_ (46)
€12 €3 €3 €33
[[€22 €23| €42 €43]]

The same operation can also be applied to level 2. In this case, the caption c¢y; is put on top of
every subtables of A. For example,

diy diz| |ds dss
»dzz dzs_ _d42 d43_
Captiondireclion = Top, level =2 || o BE [Cll]
€12 €13 [€32 €33
€22 €23| [€42 €43]

[[c11 [c1y

diy dp3 dy  di
dy dy| |di di)
= . 47
11 1 [en ]
€12 €13 €3 €33
[1€22 €23] [€42 €43]]

When direction = Left, the caption is put on the left of table A in the same way. For
example,

diy diz| |d3 ds;
»dzz d23_ »d42 d43_
Captiondirection = Left, level =2 || o B [Cll]
€12 €13| (€32 €33
| €22 €23 | €42 €43 ]

»6‘11 dy, d13— cn dyp d33—
i dyn dy| | di di3]
= . (48)

C11 €12 €13 C11 €3 €33

exn exs| | €42 €43

The rest of the directions, right and bottom, are similar. We will omit the examples.
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